Exact expressions for minor hysteresis loops have been obtained for the random field Ising model on a Bethe lattice of arbitrary coordination number z at zero temperature by generalizing the earlier result for z = 2 (cond-mat/0004125).
Introduction.
Exact expressions for minor hysteresis loops have been obtained recently [1] for the one dimensional random field Ising model (RFIM) at zero temperature. The purpose of this paper is to show that the method used in the one dimensional case can be generalized in a straightforward manner to a Bethe lattice. We thus obtain exact expressions for minor hysteresis loops at zero temperature on a Bethe lattice of arbitrary coordination number z, where z = 2 corresponds to the case of the one dimensional lattice. The style of the following presentation is rather brief, and assumes that the author is familiar with reference [1] .
Driving along the major hysteresis loop.
Consider the RFIM driven by a uniform external field h ext on a Bethe lattice of coordination number z.
The sum in the first term is restricted to pairs of nearest neighbors. Each site has z nearest neighbors. The external field h ext is cycled from −∞ to +∞ and back to −∞. This takes the system around its major hysteresis loop. Spins turn up on the lower half of the loop, and turn down again on the upper half. The system relaxes infinitly fast in comparison with the rate of change of the external field. Consequently, at each value of the external field, the system attains a relaxed state with every spin pointing along the net field at its site.
In the relaxed state at h ext = h, the probability that an arbitrary site i is up is given by,
Here P * (h) is the conditional probability that a nearest neighbor of site i is up before site i is relaxed , and p n (h) is the probability that the site i with quenched field h i can turn up in applied field h if n of its nearest neighbors are up. The starting state on the lower half of the major loop has all sites down, and the starting state on the upper half has all sites up. Thus, on the lower half of the major loop, P * (h) denotes the conditional probability that a nearest neighbor of site i turns up before site i. On the upper half, P * (h) denotes the conditional probability that a nearest neighbor of site i turns down after site i. We distinguish the two situations by putting a subscript l for the lower half and u for the upper half. This gives
and
We note that p n+1 (h) = p n (h + 2J), and therefore P *
3 Reversing the field.
Suppose we are on the lower part of the major loop when the applied field is reversed from h to h ′ (h ′ ≤ h). This generates the upper half of a minor hysteresis loop (first generation). We ask the question, what is the probability that an arbitrary site i which was up at h turns down at h ′ . In order to compute this probability, it is necessary to make the following inquiries: (a) how many nearest neighbors of site i were up before it turned up on the major loop (say, n a ); (b) how many additional nearest neighbors of site i turned up after it turned up (say, n b ); and (c) how many nearest neighbors of site i turn down on the reverse trajectory before site i turns down (say, n ′ a ). After site i turns up on the major loop, the net field on each of its nearest neighbors increases by an amount 2J. This is the reason why additional neighbors of site i may turn up after site i has turned up. The total number of neighbors of site i which are up in a relaxed state at field h is equal to n a + n b . When the field is reversed to h ′ < h, none of the n a neighbors (which turned up before site i turned up) could possibily turn down before site i turns down. This leaves the other n b neighbors which turned up after site i. The n b neighbors turned up because the field on them increased by an amount 2J after site i turned up. In decreasing field h ′ , the n b neighbors will turn down before site i turns down. At h ′ = h − 2J, all of the n b neighbors would have turned down with the result that the nearest neighbors of a site i at h ′ = h − 2J are precisely those which were up before site i flipped up. These neighbors will turn down on the reverse trajectory only after site i turns down. Thus, given an up site i at h ′ = h − 2J, the conditional probability P * u (h − 2J) that a nearest neighbor of i is up is equal to the conditional probability that a nearest neighbor of site i is up given that site i is down on the lower half of the major loop. It follows from the expressions given in the previous section that the reverse trajectory will meet the upper half of the major loop at h ′ = h − 2J and merge with it for h ′ < h − 2J. In view of the above, the task of computing the minor hysteresis loop is reduced to range h − 2J ≤ h ′ ≤ h. We return to the question asked at the beginning of this section. What is the probability that a site i which is up at h turns down at h ′ ? This is given by,
Here D * (h ′ ) is the probability that a nearest neighbor of site i turns down on the reverse trajectory before site i. D * (h ′ ) is determined by the equation,
Given a site i which is up at h, the first sum above gives the conditional probability that a nearest neighbor of site i is down at h ′ = h, i.e. at the very start of the reverse trajectory (and hence remains down for h ′ < h). The second sum takes into account the situation that the nearest neighbor in question is up at h, but turns down before site i turns down on the return loop. Note that we must have n ′ a = n b (see above) before a site could turn down on the reverse trajectory.
The magnetization on the reverse trajectory is given by,
4 Reversing the field again.
We reverse the field h ′ to h ′′ (h ′′ > h ′ ) to trace the lower half of the return loop. The magnetization on the lower half of the return loop may be written as,
where p ′′ (h ′′ ) is the probability that an arbitrary site i which turned up at h and turned down at h ′ , turns up again at h ′′ .
Here U * (h ′′ ) is the conditional probability that a nearest neighbor of a site i turns up before site i turns up on the lower return loop. It is determined by the equation,
The rationale behind equation (10) is similar to the one behind equation (6). Given that a site i is down at h ′ , the first two terms account for the probability that a nearest neighbor of site i is up at h ′′ ≥ h ′ . Note that the neighbor in question must have been up at h in order to be up at h ′ , and if it it is already up at h ′ then it will remain up on the entire lower half of the return loop, i.e. at h ′′ ≥ h ′ . The third term gives the probability that the neighboring site was down at h ′ , but turned up on the lower return loop before site i turned up. It can be verified that the lower return loop meets the lower major loop at h ′′ = h and merges with it for h ′′ > h, as may be expected on account of the return point memory. The exact expressions given above have been checked against numerical simulations of the model in selected cases resulting in excellent agreement in all cases which were tested.
Concluding Remarks.
The method of calculating the minor loop described above may also be extended to obtain a series of minor loops nested within the minor loop obtained above. The key point is that whenever the applied field is reversed, a site i may flip only after all neighbors of site i which flipped in the wake of site i (on the immediately preceding sector) have flipped back. The neighbors of site i which remained firm after site i flipped do not yield before site i has flipped. We have obtained above expresion for the return loop when the applied field is reversed from h ext = h on the lower major loop to
. When the applied field is reversed a third time from h ′′ to h ′′′ (h ′′′ < h ′′ ), expressions for the magnetization on the nested return loop follow the same structure as the one on the trajectory from h to h ′ . Qualitatively, the role of P * on the first leg (h to h ′ ) is taken up by U * on the third leg (h ′′ to h ′′′ ) of the nested return loop. It was noted earlier [2] that the major hysteresis loops for the RFIM on Bethe lattices of coordination number z have discontinuities for certain distributions of the random field. For a Gaussian distribution of the random field with mean value zero and variance σ 2 , a discontinuity in each half of the major hysteresis loop occurs for values of σ smaller than a critical value, and for z ≥ 4. There is no discontinuity for a Gaussian distribution on lattices with z = 2, and z = 3. These considerations apply to minor loops as well. The set of equations determining the minor loops are polynomials of degree z, and stable solutions of these equations in a continuously changing applied field may change discontinuously [3] .
